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Abstract
In this proceedings, I review a progress of lattice calculation of muon g-2, in particular for the next-to-leading
order of hadronic contribution from light-by-light diagram. I present the lattice computation method of which the
light-by-light diagram is decomposed into three-point function having two-vector and one-pseudoscalar currents, or
direct muon form factor calculation including lattice QED+QCD in Monte-Carlo simulation. I also discuss the recent
result with those strategy and prospective precision we will reach in the future.
1. Introduction
Muon anomalous magnetic moment (g-2) is not only
for stringent test of the standard model (SM) but also
observable having appearance of the beyond SM sig-
nal. The three-sigma standard deviation from the BNL
experiment (0.54 ppm) [1] seems to be tendency of
the new physics, although it has been required of the
rigorous conﬁrmation by both high precision exper-
iment proposed in J-PARC and FermiLab and non-
perturbative calculation (see [2] and also even better cal-
culation in, for instance, [3, 4]). The theoretical com-
putation is done by perturbation and phenomenological
estimate based on eﬀective theory, and thus uncertainty
has been obtained in each computation as
ΔQED = 0.008,
ΔEW = 0.2,
ΔQCD = 5.2 (LO: 4.2−4.7, NLO: 2.6), (1)
in the unit of 10−10. One sees that QCD contribution has
remained large uncertainty.
There are two main contributions of hadronic eﬀect
into muon g-2 computation. The ﬁrst one is the leading
order contribution from the hadronic vacuum polariza-
tion function, which is the photon self-energy diagram
having QCD eﬀect inside the vertex function of photon
and muon. This contribution is more than 95% for total
contribution of QCD+EW to muon g-2. So far the pre-
cision has been estimated as less than sub-percent from
measurement of decay rate of τ-decay and cross section
of e+e− collision as in KLOE and BABAR experiment,
and recently, after careful reanalysis including isospin
breaking contribution [4], those results are close to each
other. It enables us to refer to the current status of the
computation including recent lattice QCD works from
[5], and see reference therein.
The second one is the next-to-leading order contri-
bution of light-by-light (LbyL) diagram, which is two-
photon scattering diagram having QCD eﬀect. In this
diagram, there is one on-shell photon and three oﬀ-shell
photons coupled to muon propagator. The diﬃculty of
this kind of diagram is that there is no experimental in-
put to evaluate “full” LbyL diagram accounting oﬀ-shell
hadron contribution. Therefore, in order to estimate
it, some vector meson dominance models, Schwinger-
Dyson equation and sum rule have been used. Summary
table of model estimation quoted from [2] turns out that
the amount of LbyL is a few % for total of QCD+EW
contribution to muon g-2 having about 20% model de-
pendence. One expects that lattice QCD computation
is unique way to provide the complete value of “full”
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LbyL diagram.
For lattice QCD, however, the computation of “full”
LbyL diagram is considered to be challenging work.
Since in general O(100) Lorentz structure (although
the relevant structure to muon g-2 is 32) in LbyL di-
agram is considerable [6], the evaluation of complete
structure seems almost impossible from the present
computational resource. To avoid the huge computa-
tion, there have been two strategies: one is decompo-
sition method into three-point function based on pion-
dominance, and other one is direct muon g-2 measure-
ment in QCD+QED lattice. I review each method and
discuss about the prospects for further improvement of
those procedure.
2. Vacuum polarization tensor
For the computation of LbyL diagram contribution to
muon g-2, we need to deal with the hadronic vacuum
polarization tensor,
Πμνρσ(q1, q2, q3) =
∫
d4x1d4x2d4x3ei(q1x1+q2x2+q3x3)
×〈0|T {VEMμ (x1)VEMν (x2)VEMρ (x3)VEMσ (0)}|0〉, (2)
as Fourier transformation of four-point function of
EM current VEMμ = q¯(x)MQγμq(x), where charge
matrix is given as MQ = diag(2/3,−1/3,−1/3).
Because of Ward-Takahashi identity for the
EM current, ∂μ jμ(x) = 0, the hadronic vac-
uum polarization tensor satisﬁes the equation,
0 = qμ1Πμνρσ(q1, q2, q3) = q
ν
2Πμνρσ(q1, q2, q3) =
qρ3Πμνρσ(q1, q2, q3) = k
σΠμνρσ(q1, q2, q3), using
k = q1 + q2 + q3. According to [6], the muon g-2 is
expressed as
aLbyLμ =
1
48mμ
tr
[
(p/ + mμ)[γα, γβ](p/ + mμ)Παβ(p, p)
]
, (3)
with
Παβ(p, q) = −ie6
∫
d4q1
(2π)4
d4q2
(2π)4
1
q21q
2
2(q1 + q2 − k)2
× 1
((p − q1)2 − m2μ)((q − q1 − q2)2 − m2μ)
×γμ(p/ − q/1 + mμ)γν(q/ − q/1 − q/2 + mμ)γλ
× ∂
∂kα
Πμνλβ(q1, q2, k − q1 − q2), (4)
using muon mass mμ. To evaluate a
LbyL
μ by performing
the 8 dimensional integral, the functionΠμνρσ(q1, q2, k−
q1 − q2) involving 32 structures contribution extracted
from 138 Lorentz structures should be known. Basi-
cally lattice QCD is able to non-perturbatively compute
the four-point function in Eq.(2), however, due to huge
number of structure in vacuum polarization tensor, its
extraction is challenging work. To reduce the enormous
eﬀort of LbyL diagram, there have been two approaches
as explained in the followings.
3. Decomposition into π0 transition form factor
Since the hadronic LbyL contribution is an eﬀect of
low-energy physics, naively the pion pole in integral
of Eq.(4) plays an important role. Decomposing the
hadronic LbyL diagram into three diagrams, in which
the vertex of two EM and one pseudoscalar currents as
shown in Figure 1, is a reasonable approximation of
“full” LbyL diagram under the assumption that light-
pseudoscalar meson contribution is dominant. One sees
that there emerges the transition diagram of neutral pion
into two photons, which are one of the oﬀ-sell and other
is oﬀ- or on-shell state. In reference [2], one sees ex-
plicit representation of integral
aLbyL π
0
μ = −e6
∫
d4q1
(2π)4
d4q2
(2π)4
1
q21q
2
2(q1 + q2)
2
× 1
[(p + q1)2 − m2μ][(p − q2)2 − m2μ]
×
[Fπγγ(q22, q21, q23)Fπγγ(q22, q22, 0)
q22 − m2π
T1(q1, q2; p)
+
Fπγγ(q23, q
2
1, q
2
2)Fπγγ(q
2
3, q
2
3, 0)
q23 − m2π
T2(q1, q2; p)
]
, (5)
with analytic function T1(q1, q2; p), T2(q1, q2; p) (see
[7]). Here Fπγγ(q21, q
2
2, q
2
3) denotes the transition form
factor with momentum squared q21 for pion and q
2
2,
q23 for photon. In order to perform the above inte-
gral, the explicit representation of continuous function
Fπγγ is needed, and in several models Fπγγ is also esti-
mated from the eﬀective theory based on vector-meson-
dominance (VMD).
3.1. Transition form factor in the space-like momentum
Lattice QCD is able to estimate the transition form
factor Fπγγ(q21, q
2
2, q
2
3) by extraction from three-point
function pseudoscalar-vector-vector, which has much
smaller computational cost rather than direct compu-
tation of four-point function. Under Ward-Takahashi
identity (and also Bose symmetry) the matrix element
for π0 to two photons in the continuum theory is repre-
sented as
〈π0|VEMμ (q1)VEMν (q2)|0〉 = εμναβqα1qβ2Fπγγ(q2, q21, q22), (6)
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Figure 1: Decomposition of light-by-light diagram into three pieces of
π0 to two photon decay. Filled circle denotes hadronic contribution to
π0 transition form factor. The connected wave line with muon propa-
gator is oﬀ-shell photon propagator, and external wave line is on-shell
photon propagator. The dashed line is oﬀ-shell pion propagator.
using momentum conservation, q = −q2 − q3. The left-
hand-side is given from Fourier transformation of three-
point function,
GPVVμν (Q2,Q)
=
∑
x,y
e−Qx−P2y〈0|T {2mP3(x)VEMμ (y)VEMν (0)}|0〉
= 2mtr[τ3M2Q]
∑
x,y
e−Qx−P2y
×
〈
2ReTr
[
S q(0, x)γ5S q(x, y)γνS q(y, 0)γμ
]〉
, (7)
where S q(x, y) denotes the quark propagator, and P(x) =
q¯τ3γ5q(x) with SU(3) ﬂavor matrix τ3. In this equa-
tion, we assume the SU(3) ﬂavor symmetry, and so that
the disconnected piece of quark propagator is canceled
out and quark masses of light and strange m are same.
Here Q1, Q2 and Q are deﬁned in Euclidean momentum
of which space-like momentum corresponds to non-
positive Minkowski momentum squared, Q2 = −q2 ≤ 0.
The lattice momentum is discretized due to being de-
ﬁned in the ﬁnite box Lμ, as Qμ = 2πnμ/Lμ, with
nμ = 0, · · · , Lμ − 1. Since the matrix element has ini-
tial pion state, inserting the complete set of intermediate
state between pseudoscalar operator and two EM vector
currents in Eq.(7) leads to
GPVVμν (Q1,Q2) = εμναβQ1αQ2 β
[
− fπm
2
π
Q2 + m2π
× F latπγγ(Q2,Q21,Q22) + O
(mπQ2
m2π′
)]
, (8)
through LSZ reduction formula and PCAC relation. The
last term is an excited state contribution which vanishes
in the chiral limit, while the ﬁrst term remains ﬁnite in
on-shell Q2 = 0 and chiral limit, and thus consists with
ABJ anomaly, Fπγγ(0, 0, 0) = 1/4π2. At small Q2, the
ﬁrst term is dominated, and the second is sub-leading
term, whose contribution is about Q2/m2π′ 1% at Q2 ∼
m2π and mπ′ = 1.3 GeV.
In reference [8, 9], a ﬁt ansatz based on VMD mod-
eling function is adopted as the continuous function in
Eq.(5),
FVMDπγγ (Q
2,Q21,Q
2
2)
= − x0m
2
π
(Q2 + m2π)
Gv(Q1,mv)Gv(Q2,mv), (9)
FVMD+πγγ (Q
2,Q21,Q
2
2)
= − x0m
2
π
4π2(Q2 + m2π)
[
c1(m)Gv(Q1,mv)Gv(Q2,mv)
+
c2(m) − c1(m)
2
(
Gv(Q1,mv) +Gv(Q2,mv)
)
+1 − c2(m)
]
, (10)
with ﬁtting parameters, x0, c1(m) = 2 − x1 + m2πx2,
c2(m) = x1 + m2πx3. In the above, vector meson prop-
agator is given as
Gv(Q,mv) =
m2v
Q2 + m2v
, (11)
and vector meson mass mv is measured from two-point
function of vector-vector current on the lattice. In the
above ansatz, x0 should be ABJ anomaly factor 1/4π2,
and thus this is also consistency test for realization of
ABJ anomaly in lattice QCD (see [10], there has been
perturbative argument of π0 decay and ABJ anomaly in
chiral fermion on the lattice), and also c1 and c2 corre-
spond to the pion-vector-vector meson and pion-vector-
heavy meson coupling respectively. In Eq.(10), heavy
meson is assumed as the constant behavior in the low-
energy region.
Using the overlap fermion formulation, which exactly
preserves the chiral symmetry on the lattice, in 163 × 32
lattice at a−1  1.6 GeV with Nf = 2 dynamical fermion
[11], ﬁgure 2 shows transition form factor as a function
of Q22 at ﬁxed Q
2
1 = (2π/aLx,y,z)
2  0.4 GeV2, which is
the second minimum momentum on this lattice. At the
lowest Q22 = (2π/aLt)
2  0.1 GeV2, both ﬁtting func-
tions, in Eq.(9) and Eq.(10), are in good agreement with
lattice data, and as a consequence of simultaneous ﬁt-
ting with four diﬀerent quark masses, covering a range
mπ = 0.4–0.8 GeV, we have
(VMD) : x0 = 0.0260(6), (12)
(VMD+) : x0 = 0.0243(29), x1 = 1.20(21),
x2 = −8.4(8.6), x3 = −1.3(5.8), (13)
and display the ﬁtting function in Figure 2. One sees
that x0 has less than 10% precision and consistent with
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Figure 2: Transition form factor Fπγγ at ﬁxed Q21 as a function of
(aQ2)2. Symbols are lattice results with four diﬀerent masses. Solid
lines are VMD ﬁtting function and dashed lines are VMD+ ﬁtting
function as explained in a text.
prediction of ABJ anomaly, 1/4π2 = 0.02533 · · ·. Fur-
thermore the VMD+ ﬁtting function has more reason-
able χ2 in a range of Q22 < 2.5 GeV
2 for diﬀerent quark
masses. Furthermore one sees other trial of ﬁtting with
chiral perturbation theory incorporating the resonance
eﬀect and higher order loop contribution in [9].
3.2. Transition form factor in the time-like momentum
Although lattice QCD reproduces the low-energy
limit of transition form factor by ﬁtting with the mod-
eling function based on VMD, in order to use for in-
tegral in Eq.(5), we require the continuous function di-
rectly extracted from three-point function. Reference
[12] shows the idea of time-like momentum method
similar to prior works in [13, 14]. This method tar-
gets on the computation of matrix element in Eq.(6) by
changing the Fourier transformation from Euclidean to
Minkowski space-time,
MPVVμν (p1, p2) = limt1,2−tπ→∞
2Eπ
φπ
×
∫ ∞
0
dt1eω(t1−t2)+Eπ(t2−tπ)Cμν(t1, t2, tπ), (14)
Cμν(t1, t2, tπ) =
∑
x,z
e−ip1xeiqz
×〈0|T {P(z, tπ)VEMμ (x, t)VEMν (0, t2)}|0〉, (15)
with Wick rotation of Eq.(7), and thus as a consequence
of analytic continuity, the three-point function relies on
Minkowski momentum with arbitrary value of ω, p1 =
(ω, p1) and p2 = (Eπ − ω, p2). After that the fourth
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Figure 3: Amplitude function of Aπ(τ) depending on τ with two mo-
mentum setting; {p1 = (0, 0, 0)2π/L, q = (0, 0, 1)2π/L} and {p1 =
(0, 0, 1)2π/L, q = (0, 0, 0)2π/L} [12]. The red solid line is VMD ﬁt-
ting function, and black solid line is the interconnected line with lat-
tice data.
component of Q1 is regarded as energy of photon ω.
The ground state pion amplitude φπ and energy Eπ are
given from pseudoscalar two-point function. In [12], to
perform the integral from t1 = 0 to inﬁnity at a region
dominating asymptotic pion state, we ﬁt the lattice data
Aπ(τ) = lim
t−tπ→∞
Cμν(t1, t2, tπ)eEπ(t−tπ)
∣∣∣∣
t=min{t1,t2}
, (16)
with τ = t1 − t2 in two regions of τ; asymptotic region
τ > ta and short time region τ ≤ ta.
Figure 3 shows the lattice data and ﬁtting function in
short time to asymptotic time region using Nf = 2 + 1
overlap fermion in 163 × 48 lattice at a−1 = 1.8 GeV
[15]. Applying VMD modeling ansatz in asymptotic re-
gion is in good agreement with lattice data up to aτ = 7,
and then set to ta = 7. In short time region, the numeri-
cal integration with substitution of Aπ(τ) into Eq.(14) is
performed. Once we obtain MPVVμν (p1, p2) in time-like
momentum method, it enables us to control the func-
tion of F latπγγ(q
2, p21, p
2
2) with parameter ω, which means
that this method provides the continuous function of
F latπγγ(q
2, p21, p
2
2) in one-dimensional parameter space of
ω. This has advantage of being accessible to close to
on-shell limit without any additional computation.
The recent analysis of transition form factor at on-
shell limit in time-like momentum method shows the
comparison of recent PrimEx experiment [16] of π0 de-
cay amplitude as in ﬁgure 4. One can observe that there
emerges large correction of ﬁnite size eﬀect for pion de-
cay constant and coupling of pion-vector-vector around
mπ = 0.3 GeV rather than other systematic eﬀect of dis-
connected contribution and ﬁxed topology eﬀect [12].
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Figure 4: Transition form factor at on-shell photon limit as a function
of m2π taken from [12]. Symbols denote the lattice result with con-
nected and disconnected contribution (squared) and with connected
only (circle). Upper panel show the data without ﬁnite size correction,
and bottom panel shows with ﬁnite size correction. The solid (dashed)
line and band denote the ﬁtting function with linear (quadratic) depen-
dence of m2π.
The result after ﬁnite size correction becomes mild de-
pendence of m2π, and linear extrapolated value
Γπ0γγ = 7.83(31)(49) eV, (17)
in physical point (the ﬁrst error is statistical and second
is systematic) is consistent with experimental measure-
ment Γπ0γγ = 7.82(22) eV. The large systematic error
due to the ﬁnite-size eﬀect at light pion will be signif-
icantly reduced by the implementation on the new en-
sembles of 4 fm lattice size at physical point [17, 18].
4. Direct measurement in QED+QCD system
The idea recently proposed in reference [19] is an
another way to measure the anomalous magnetic mo-
ment of muon from Monte-Carlo simulation. In princi-
ple, adopting the full QED contribution into QCD ac-
tion in Monte-Carlo simulation, it enables us to provide
the total contribution of not only LbyL diagram but also
higher order hadronic eﬀect. First they consider the ma-
trix element of the EM current insertion between initial
and ﬁnal muon asymptotic state is represented by the
Dirac-Pauli form factor
〈p′, s′| jEMμ |p, s〉
= −u¯(p′, s′)
(
F1(q2)γμ +
F2(q2)
2mμ
iσμνqμ
)
u(p, s), (18)
with wave function of muon u(p, s) with three-
dimensional muon momentum p, transition momentum
Figure 5: Sketch of the subtraction scheme to the leading from three-
point function of muon. This ﬁgure is quoted from [19]. Subscrip-
tion “QCD+q-QED” (“q-QED”) means the correlation function in
QCD+quenched QED (quenched QED) system. The ﬁrst term in the
right-hand-side is combination of muon propagator in q-QED action
times vacuum polarization function connecting analytic photon prop-
agator in QCD+q-QED action. Diagrams from the second term are
the target one.
q = p′ − p and spin s (here the overall negative sign
is due to normalization of F1(0) = 1 in the natural
unit). Thus the muon anomalous magnetic moment
is deﬁned in Pauli form factor at physical kinematics
aμ = (gμ − 2)/2 = F2(0), As well as computation of
matrix element of nucleon in QCD, anomalous mag-
netic moment of muon is also extracted from three-point
function of 〈T {ψ(t′, p′) jEMμ (top, q)ψ¯(t, p)}〉, which is tar-
get observable in this method.
In order to obtain the diagram starting from the next-
to-leading order O(α3s), authors in [19] have used the
subtraction scheme to the leading hadronic vacuum po-
larization diagram with one analytic photon propagator
as shown in ﬁgure 5. In this scheme, three-point func-
tion is able to be decomposed into leading hadronic vac-
uum polarization function multiplied with one analytic
photon propagator and muon propagator, and O(α3s) in-
cluding LbyL diagram, because of Furry’s theorem of
which O(α2s) between muon propagator and hadronic
contribution vanishes. In quenched QED case, LbyL
diagram is obtained at O(α3s) term from subtraction to
the ﬁrst term which is computed with two-point func-
tion in the same gauge conﬁgurations. To perform the
complete calculation of LbyL diagram in this scheme,
one disconnected diagram connecting to muon line at
O(α3s) is missing, although they have ignored in [19].
The numerical simulation has been performed using
Nf = 2 + 1 domain-wall fermion conﬁgurations [20]
in 243 × 64 lattice at a−1 = 1.73 GeV in mπ = 0.33
GeV in [19]. The several source and sink separations
tsep = t′−t of muon operator with ﬁxed operator location
at top = 5 has been used to study excited state contam-
ination in muon three-point function. They also have
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Figure 6: F2(q2) as a function of source-sink separation of muon tsep
dependence quoted from [19]. The lattice data is obtained at the low-
est momentum transfer. The circle is full QCD + quenched QED com-
putation, other ones are pure QED computation. Blue solid line and
dashed line is central value and its error of aLbyLμ in estimate of VMD
model calculation.
used the muon mass mμ = 0.1 (corresponding to 190
MeV obtained from two-point function). Figure 6 indi-
cates that there appears the large excited state contami-
nation eﬀect in short time separation around tsep  15,
and they observed tsep = 20 is more safety region where
the ground state of muon is dominate. The good preci-
sion is given by using AMA algorithm [21, 22, 23], and
order of magnitude is comparable with F2(0) in VMD
model calculation.
5. Summary and discussion
Lattice computation of LbyL diagram has been still
challenging work, due to diﬃculty of treatment of vac-
uum polarization tensor, and so that some idea has been
proposed to avoid direct “full” LbyL diagram computa-
tion. Since the uncertainty of hadronic contribution to
muon g-2 in the next-to-leading order is large as well
as leading order contribution, lattice QCD computation
plays an important role for reduction of those uncertain-
ties. While the high precision of leading order contri-
bution is required below 1% level for a precision test
of the SM as discussed in [24], roughly 10% precision
for the next-to-leading order is required to compare the
model calculation. Fortunately, the numerical algorithm
of Monte-Carlo simulation in lattice QCD is recently
much developed compared to a decade ago, its preci-
sion is achievable with present computational resource.
In addition, several lattice groups make progress of the
generation of gauge ensembles including the physical
point of light and strange quarks, which are much use-
ful to reduce the systematic error of chiral extrapolation
due to unphysical quark mass. Now the high statistic
computation of muon g-2 in physical point is one of the
excited activity in lattice community.
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